Abstract. Ice sheet flow modeling is generally based on the shallow ice approximation (SIA) developed for isotropic ice. We extend this approximation to anisotropic ice and check its validity for both the isotropic and anisotropic cases by comparing the results of up to second-order SIA with those obtained from a model solving the full set of mechanical equations. The theory is developed for a constitutive relation describing Newtonian and non-Newtonian behavior, but numerical results are shown only for a NewtonJan behavior. The results are compared for plane flow of isothermal ice under steady state conditions. SIA gives an excellent representation of the NewtonJan flow of an isotropic ice sheet and a good description for the anisotropic case. The zero-order approximation is sufficient to describe ice flow precisely over fiat bedrock, for the anisotropic and isotropic cases, even close to an ice divide. For uneven bedrock, the second-order SIA gives excellent results for isotropic ice and acceptable results for anisotropic ice. Finally, we quantify the error introduced by using an enhancement factor to represent the anisotropy when longitudinal stresses are taken into account.
cal response of polar ice strongly depends on the direction of the prescribed stress. It is known that this viscoplastic anisotropy is linked to a preferred orientation of the crystallographic network of the grains contained in the sample (texture). The evidence of this strong anisotropy requires the use of an anisotropic constiturive relation to describe ice sheet flow. A realistic constitutive relation should be able to describe both the viscoplastic response of the material for a given texture and the evolution of the texture during the deformation. But no analytical constitutive relation taking both phenomena into account is available at present. Therefore we use here Lliboutry's [1993] analytical constitutive relation that gives the anisotropic response of the material when the texture exhibits a revolution axis. This paper addresses (1) the problem of a rigorous development of the zero, first and second order of S!A 691 in the case of isotropic and anisotropic ice, (2) the comparison of the results of the zero-and second-order approximation in both the isotropic and anisotropic cases with those obtained using a numerical model (the "complete" model) solving the complete set of mechanical equations [Mangehey et al., , 1997 .
In section 2, after a brief description of the problem, we develop the zero, first and second order of the SIA and we describe the numerical model used to solve the SIA equations up to the second order. These theoretical results were obtained for a constitutive relation including a Newtonian (n = 1) and a non-Newtonian (n = 3) term. Here the numerical results are shown only for the NewtonJan case. In section 3 we study the validity and limits of the SIA for the Newtonjan case by comparing the solution with an "exact" numerical calculation. Furthermore, for flat and irregular bedrock, we discuss the relative magnitude of the different terms of the secondorder approximation and we demonstrate that all the terms have to be taken into account for a correct calculation. Finally, in section 5 we quantify the extent of the error introduced by the use of an enhancement factor to describe the anisotropic viscoplastic behavior of ice [Shoji and Langway, 1984 
Description of the Problem

Field Equations and Boundary Conditions
We consider the case of a steady state plane flow in two-dimensional slab geometry with a free surface z -E(x) and a prescribed temperature field within the ice sheet over undulating bedrock z -B(x) (Figure 1) . We obtain dimensionless equations by using the ice depth as a characteristic depth and the typical accumulation rate at the upper free surface u, as a characteristic ice velocity (in this work we take u, -0.2 m.y. 
where Patm is the atmospheric pressure. At the upper surface z = E(z), the kinematic surface equation reads
where a is the accumulation rate. More details •bout these boundary conditions are given by Mangehey [1996] and Mangehey et al. [1996] .
Constitutive Relation
In ice sheet flow modeling, Glen's flow law is generally used to describe isotropic ice behavior [Glen, 1955; •957 ].
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where An is the temperature-dependent rate factor:
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where n is the stress sensitivity, Q the activation energy for creep, R the gas constant, and T the absolute 
Numerical Models
The In this work we use a linear viscosity to compare different order solutions of the SIA for isothermal flow for the isotropic and anisotropic case with the "exact" solution.
Flat Bedrock
In this section we will start from the simplest situation, that of flat bedrock. In Figure 3 we plot the surface elevation (Figures 3a and 3b) In Figure 5 we show the shear stress at three different locations, x = 1 near the ice divide, z = 5 within a "bedrock hole" and x = 10 over a "bedrock bump." The isotropic case is shown in the first three il!ustrations, and the anisotropic case is shown in the last three illustrations. In the isotropic case we see that the zero-order approximation gives a relatively good representation of the "exact" solution; very good agreement is reached with the second-order correction. In the anisotropic case, on the other hand, we observe that the zero-order approximation is a rough estimate of the "exact" solution. In fact, in Figures 5d-5f we see that it is necessary to include the second-order terms in the calculation to obtain a reasonable estimate of the real flow. However, there .are some locations, for example, at z -5, where even the second-order approximation strays far from the "exact" solution. This effect is particularly evident on the profile of the longitudinal stress (Figure 6 ).
The observed disagreement of the SIA with respect to the "exact" solution for the anisotropic case can be explained by the appearance of strong gradients of longitudinal stresses O$'•x/Oz. In fact, in this case these gradients can achieve typical values roughly equal to or greater than the surface slope corresponding to the horizontal gradient of the pressure in the zero-order system (see equation (A4)), so that they cannot be neglected at the zero order (equation (18) On the other hand, for the anisotropic case, the zeroorder solution is a very rough approximation of the "exact" solution, so that it is necessary to improve the calculation by including second-order terms. in this case, the maximum relative error on the stresses is of order of 10%. This result comes from the fact that strong horizontal gradients of the longitudinal stress are generated close to the holes of the bedrock. The presence of these strong gradients modifies the mechanical balance in the zero-order system between the vertical gradient of the shear stress and the surface slope. Finally, we have quantified the error introduced by using an enhancement factor in the isotropic viscosity to model anisotropic effects.
Since this work was a first step in validating the SIA and to improve it by incorporating an anisotropic constitutive relation, we have limited our analysis to isothermal situations. This condition can be easily removed in order to obtain more realistic results. The SIA and the "exact" solution were compared for a given ice divide elevation calculated in a fixed domain. Since the SIA is not applicable close to the margins, the surface elevation obtained with this approximation can be different from that obtained with a complete model in which the movement of the boundaries is taken into ac- 
